
Lecture 4:

Remark for Hw I

• Separable ⇒ hcx ,
a. y , p ) = hccx ,

2) hrly , p )

I

Point spread function

• Let HE Mm2xµ2 be the transformation matrix of a linear  image

transformation with PSF hex
,

a
, Y ,

= he Lx ,
d) hrly , p )

.

Then : H = hit ④ he '
( regarding he EMNXN and

hr E MN xp )
Here

,
④ is the Kronecker product

 i
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Image decomposition based on Singular Value Decomposition (SVD)
Definition: (SVD)

Recap :

For any g E Mmxn
,

the  singular value decomposition C SVD )

of g is a matrix factorization :

g = UZVT
,

where U E Mmxm
,

V E Mnxn are

E Mmxn

orthogonal
,

E is  a diagonal matrix ( Iij  = o if  it j ) with diagonal entries given by :

or
,

er
. a . .  . err > o with rsminlm.nl

. ( YUff¥7 :3 )

Remark : r = rank of g
! !



Remark:

Definition:

I . Note that g=U¥kVT=

,

ri Uf
! !!

.

.

.

)←iihVT=¥riu .
. Fit

it ; I! is  called the eigen - image of g under SVD
.

2
.

For Nx N image ,
the required storage  is .

.

( N t N t I ) x r = ( 2N -11 ) r

Fi Fi Fi terms
For  any k ( o e k Er )

,
we define

9h =

,

tjujvjt ( rank - k approximation of g)



Error of the approximation by SVD
Theorem:

Proof:

Let f  =

,

8
; iijvjt be the SVD of a MXN image f

.

For any her
,

it i

gif
A  = L Ai j )

, e i.JEN
and fer = jhojujvjt ,

we have : It f - th HE = F¥ ( then yay .i=;¥aLet
f  

= II riuivit
.

Let D= f - fer = ti iiiv ? E Mmxxi
.

Then
,

the  m - th row
,

n - theol entry of D is given by :

Dmn =

.IQ?iuimVint1Rwhereui--fhu!! ) ; Ii  =

'

'

- Dmi = ( T.IQ?iUimVin)Z--i..aEa8i2uimvint2iIqg.zEq+.ti of Uimvinujmvjn .



Remark:

Thus
, HDHE = EZNDMI

=

ZMZN (

ftp.pi?uinivin2t2FZg+g?2eyPitjUimVinujmVjn)=Eiwi2EFmdZnFndt2Ei..EEe.nri9E#FmEY@=iEi+.@Ei

• To approximate an  image using SVD
,

arrange the eigenvalues a ;

In decreasing order and remove the last few terms in ¥,6iu' iv. T

• rank . k approximation  Is the  optimal approximation using k - terms
( in term  of F - norm ) for with rank . k image .)



How to compute SVD

Let A E Mmxn ( mzn ) c x. 7122 . . .

Hnl

Step I : Find eigenvalues { Xi ,
Xz

,
. . . ,

Xn ) Step 5 : Let :

and orthonormal eigenvectors { it
, ,Tz ,

. . .

,

In } y
Symm TAE Mmm ( with ltvjlkt , jet ,  - in ) V U = µ, - - - Y'm)EMmxm

[ Recall : (ATA ) Tj  = Xjvj )
, ,

d-

Step 2 : Define :  

E = I.

.

 
e Mmm

V -

-

- - . Yin ) e Mmm

=

←
Add zero

O rows if m > n

Step 3 : For non - zero 8 , ,

Oz
,  

- .  -

,
Or

,
Then : A  = U -2 VT

let I
,

-

- ANI ,
I

'

.

-

- ALI
,

.
. . .ir -

- AEI

Step 4 : Extend { I
, ,

. . .

,
vir } to the orthonormal basis

{ vii. . . . ,
Ir

,
. . .

,
I'm } of IR ?

→ U



A Tr

( Step I ) I

T

"

Ui  =
AI -

ti

tr

⇒
.



Theorem: ( Existence of SVD)
Proof:

Every mxn image has  a SVD
.

Consider the case  when men
.

We need the following theorem
.

Theorem : Let BE Mnxn be  a  real symmetric matrix
.

Then
,

I orthonormal

eigenvectors vii. is
,

. . .

,

In with corresponding eigenvalues such that

B=l¥¥ .  - - I
"

"
:

Note that gg
T

e Mmxm  and gig e Mnxn are symmetric .

.

'

,
I n pairwise  orthonormal eigenvectors I

, ,
Tia

,
. . . ,

In  of g Tg .

Suppose I
,

, ,
. . .

,

Jr are associated with non - zero eigenvalues Xi
,

Xz
,

. . .

,
Xr

.



Note that ggtlgvi ) = gfxivi ) = Xi l gti )
.

.

'

. GTi  is an  eigenvector  of
.

ggt with eigenvalue Xi
.

Let ri -

- Tai
.

Then :

11g fill '=fgEi5'§vi ) =  it ? gtgvi  = Tiki Fi ) = Xi
.

.

'

.
It grill = ri

Define iii.  = Sf .

Then : Hii ill -

- i
.

.
{ I itIII.

Also
. iii. ii.  

= = = { :it
iii. gig.  =p. iii. tug = {

ri if i

o if itj .

snmatm.am
g

. i =/
Am

"
"

"
 

.

r .

)



Extend { I
,

,

ii.
,

... iir } to an  ortho  normal basis { vi.
,

...
,

Er
,

Tim
,

...

,
I'm } of IRM

,

Extend { E. is
,

... ,
Jr ] to an  ortho  normal basis { F.

,
... ,

Tr
,

Frei
, ... ,

tin } of IR ?

Then

:(ftp.fj#gfti...fr...Yn)=fEt.n.a
in

- mxn - imxn

mxm nxn

( Here ,
we  need to use the fact that gFj=o for j > r

,
since Hgijll

=6j=o
for j > r )

Note that uTu=UuT=I ; VTV=WT=I .
in g= uttk VT

,
where

A =("
"

"

no
.

.

.o)

( The case for M > n can be shown similarly )



Definition: (Haar functions)

Haar transformation

Remark:

The Haar functions are defined recursively as follows

Holt ) = { ! if oeta ,

elsewhere .

that =L ÷ ifIIE ,

elsewhere

if ¥

stanton
Him = For: if,

;i÷ state

where p
=/

,
2

, . . . I n =  o
,

I
,

2
,

. . .

, 2
P

- I

If p is larger , Hzp + n
is compactly supported in a smaller

region .



Examples of Haar functions:

Ho H ,

•  o •  O

•  o ⑥

•  O

BOO Hz

BAH
,

•  O

•

•  o



Definition (Discrete Haar Transform)
The Haar Transform of a NXN image is done by dividing [ 0,1 ] into partitions .

I I f >
o YN th,

...

'

yn .  . . ,

Let Hlk
,

i ) = Hh # where k ,i= 91,4 . . .

.
N 't

.

We obtain the Haar Transform matrix : tT=¥H where H -=(Hlk.it/osh
,

:{ µ . ,

The Haar Transform of fEMnxn is defined as :

g=tTftTT .

read



Need to check :


